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[1] Results are reported of measurements of the turbulent
Schmidt number Sct in a stably stratified water tunnel
experiment. Sct values varied with two parameters:
Richardson number, Ri, and ratio of time scales, T*, of
eddy turnover and eddy advection from the source of
turbulence generation. For large values (T* � 10) values
of Sct approach those of neutral stratification (Sct � 1). In
contrast for small values (T* � 1) values of Sct increase
with Ri. The variation of Sct with T* explains the large
scatter of Sct values observed in atmospheric and oceanic
data sets as a range of values of T* occur at any given Ri.
The dependence of Sct values on advective processes
upstream of the measurement location complicates the
development of an algebraic formulation of Sct = f (Ri, T*)
from single point dynamical balances for use in turbulence
closure models. Observations of values of T* � O(1) for
strong stratification argues against the existence of a critical
Richardson number at which turbulence collapses to
laminar flow. Citation: Huq, P., and E. J. Stewart (2008),

Measurements and analysis of the turbulent Schmidt number in

density stratified turbulence, Geophys. Res. Lett., 35, L23604,

doi:10.1029/2008GL036056.

1. Introduction

[2] Turbulent flows under conditions of stable density
stratification occur ubiquitously in lakes, oceans and the
atmospheres of earth and other planets. Accurate predictions
of turbulent transport in a stably stratified fluid column are
central to the analyses of heat transport, or buoyancy flux in
general circulation models (GCMs). Such predictions are
made difficult by the interplay between internal waves and
turbulence which occur in a stably stratified fluid column.
Complications arise in the partition when the value of
the integral time scale of the turbulent flow approaches
the buoyancy time scale of the fluid column because of the
anisotropization of turbulence and generation of internal
waves [Sukoriansky and Galperin, 2005; Baumert and
Peters, 2005].
[3] Key to numerical predictions are turbulent diffusivities

for scalar and momentum transport respectively defined as

Kr ¼
�rw
dr=dz

Km ¼ �uw

dU=dz
ð1Þ

where rw is the buoyancy flux, uw is the Reynolds shear
stress. The ratio Km/Kr is termed the turbulent Schmidt
number Sct (rather than turbulent Prandtl number) as
salinity gradients in water are used for stratification in the
experiments. Prescription of a functional dependence of Sct
on Ri = N2/S2 is a turbulence closure scheme [Kantha and
Clayson, 2000]. Here the buoyancy frequency N is defined
by the gradient of density r as N2 = (�g/ro)(dr/dz), and g is
the gravitational acceleration. S = dU/dz is the velocity
shear. Analyses of field, lab and numerical (RANS, DNS
and LES) data sets have led to the consensus that Sct
increases with Ri [see Esau and Grachev, 2007, and
references therein]. Accordingly, various forms have been
suggested for Sct = f (Ri), for example, Zilitinkevich et al.
[2007] gives:

Sct ¼ Sco þ CRi ð2Þ

where Sco is the value of the turbulent Schmidt number in
the absence of density stratification (Sco � 1) and C = 0.3.
Other forms have been suggested [e.g., Pacanowski and
Philander, 1981; Mellor and Yamada, 1982]. Cane [1993]
noted that comparison of the closure scheme of Pacanowski
and Philander [1981] with oceanic thermocline data gave
insufficient mixing at low values of Ri and too much at high
values of Ri. The lack of agreement arises because Sct is
difficult to resolve when the magnitudes of the vertical
momentum flux or density gradients are small [Esau and
Grachev, 2007]. These limitations arise for both conditions
of strong stability (Ri ! 1) and weak stability (Ri ! 0).
Difficulties are compounded as there are few studies with
direct measurements of the buoyancy flux rw and the
diffusivity Kr is typically inferred from gradient profiles of
the mean density.
[4] There is renewed interest in the precise algebraic form

of this dependence following the demonstration by Noh et
al. [2005] that numerical simulations in their GCM of the
equatorial mixed layer were more realistic with the inclu-
sion of a Sct dependence on stratification (i.e., Ri). Recent
analyses of field data of the stable atmospheric boundary
layer from polar regions [Yague et al., 2001; Esau and
Grachev, 2007] also showed an additional feature namely
that Prt(=Sct) values varied by more than an order magni-
tude at any given value of Ri. Similar spread of Sct values is
evident in oceanic data [e.g., Peters et al., 1988]. The
reason for this spread or scatter is not currently known,
and a unique functional dependence between Sct and Ri
remains elusive. An emerging problem in the interpretation
of data of Sct and Ri is the recognition of shared variables
(density and velocity gradients) in plots of Sct versus Ri as
this leads to self-correlation [Klipp and Mahrt, 2004;
Grachev et al., 2007]. The purpose of this paper is not to
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evaluate the effects of self-correlation but rather to empha-
size other influences on Sct. In particular, we examine the
role of advection on Sct. We undertook lab experiments to
examine the form of the potential functional dependence as
well as to investigate the large scatter in the values of Sct.
The analysis described below reveals that Sct is not just a
function of Ri but also dependent on an additional non-
dimensional parameter T*, i.e.,

Sct ¼ f Ri;T*ð Þ ð3Þ

where T* is the ratio of advective time scale to the eddy
turnover time scale with explicit definitions below.

2. Experimental Method

[5] A low noise water tunnel 400cm long, 40 cm deep
and 25cm wide was used for the experiments. Maximum
mean velocities were 9 cm/s. Flow conditioning by a

honeycomb box and fine mesh screens reduced background
turbulent intensities to about 0.3% of the mean velocity. A
vertical velocity gradient is created by using a variable
density mesh. The stratified water column comprises a layer
of fresh water above a salt water layer (see Figure 1a).
Turbulence is generated using a bi-plane grid of square bars
of width d = 0.64 cm, arranged in a mesh with spacing M =
3.2 cm, such that M/d = 5. The maximum mesh Reynolds
number ReM = UM/n is approximately 2700. The density
and velocity gradients vary in the vertical direction (both are
approximately linear in the center of the water tunnel).
Integral length scales (typically M/3) were much smaller
than the vertical extent of the linear gradient region (typi-
cally 3M). This allows scaling by the density gradient, N,
and velocity gradient, S. Values of N and S were varied so
that there is a large domain space of Nt and St values (the
dimensionless strain rates used to gauge the importance of
stratification and shear). The above dimensionless quantities
are constructed using t = x/U, yielding Nt = Nx/U and St =
Sx/U. The set-up allows for values of Nt and St up to about 9.
[6] The density field was measured using an aspirating

conductivity probe with a spatial resolution of 0.04cm and
frequency response of 70 Hz. The velocity field was
measured using quartz-coated, two-component hot film
probes (TSI type 1241-20w), powered by an anemometer
at 2% overheat ratio. Direct measurements of buoyancy flux
(rw) were obtained by simultaneously operating the con-
ductivity and hot-film probes, located 0.1cm apart. The
errors in rms fluctuations and correlations were estimated
to be 5% and 10%, respectively. We present results in non-
dimensional form. Dimensional values (including evolution
of velocity variances and spectra) and further details of the
apparatus and measurement techniques are given by Stewart
and Huq [2006].

3. Results

[7] The measured evolution of the normalized buoyancy
flux rw/r0w0 is shown in Figure 1b. Data are grouped into
four categories of increasing strengths of shear ranging from
near shear-free turbulence (St < 1.5) to strongly sheared
turbulence (St > 5). The normalized buoyancy flux attains
maximum values of 0.4 for near shear-free turbulence at
Nt � 1 and attenuates to small even negative values
(counter gradient flux) for larger values of Nt. The evolution
of buoyancy flux differs with increasing values of shear.
Generally, away from the grid, values of rw are positive for
sheared turbulence. These trends for the evolution of buoy-
ancy flux for both weak shear and strong shear are in
excellent accord with previous studies of shear-free turbu-
lence [Itsweire et al., 1986; Huq and Britter, 1995] and
sheared turbulence [Rohr et al., 1988; Piccirillo and Van
Atta, 1997]. The buoyancy flux measurements are used to
calculate diffusivities Kr as in equation (1). Measurements
of the turbulent Schmidt number Sct are plotted as a
function of the Richardson number Ri in Figure 2a. Values
of Sct range from approximately 1 at Ri � 0.1 to about 10 at
Ri � 10. Although scattered at high Richardson numbers,
the data show two trends. First, values of Sct generally
increase with Ri; second, for small values of Ri less than
0.1, values of Sct asymptotically approach the limit of Sct� 1
for the case of neutral stratification. Again note that the

Figure 1. (a) Schematic of experimental configuration.
Flow is from left to right. Free-stream noise in the incoming
flow is attenuated by the honeycomb and fine screens. A
sheared velocity profile is created by the variable density
meshes. Turbulence is generated by a grid; the origin of the
coordinate system is located at the grid. (b) Evolution of the
non-dimensional buoyancy flux rw/r0w0 with buoyancy
time-scale ratio Nt. Data and best-fit trend lines are
presented for four groups of non-dimensional shear St.
The turbulence field is near shear-free for St < 1.5, and
strongly sheared for St > 5. Other groups (1.5 < St < 3.5 and
3.5 < St < 5) reflect intermediate strengths of shear.
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data are scattered and that the spread increases with Ri. This
is similar to other studies. Also shown on Figure 2a are the
predictions of the turbulent closure schemes of Mellor and
Yamada [1982] and Pacanowski and Philander [1981] as
well as the quasi-normal scale elimination approach
(QSNE) of Sukoriansky et al. [2005]. The trends of these
closure schemes also show that Sct increases with Ri. Note
that the Mellor and Yamada [1982] scheme reverts to
background values for Ri > 0.3, and that the Pacanowski
and Philander [1981] scheme forms an approximate upper
bound to the data.
[8] Analysis of timescales of the flow (see Figure 1a)

provides insight into the above trends. Specifically, consid-

eration of the relative magnitudes of the eddy turnover time,
the time scale of energy transfer from large to small eddies,
TE = K/e [Tennekes and Lumley, 1982] and the advective
time scale TA = x/U (the travel time from the locus of
turbulence generation) provides dynamical insights for the
spread of the data. Here e is the dissipation rate of turbulent
kinetic energy K. The ratio of timescales TE and TA yields a
non-dimensional eddy decay timescale:

T* ¼ TA=TE ¼ x

U

e
K

ð4Þ

Eddies, generated previously at an upstream location,
advect past a measurement station: the speed of advection
is important. Qualitatively the effect of a rapidly overturning
eddy that is being advected rapidly is similar to that of a
slowly overturning eddy that is being advected slowly. For
both cases T* � O(1). This reflects an interplay between
advection and overturning. For T* � O(1) overturning
effects dominate: buoyancy effects influence overturning in
this regime yielding a strong dependence of Sct on Ri. For
T* � 1 the range of variations of Sct values are small. At a
measurement location eddies may be advected past that are
at different stages in their evolution. T* is a measure of the
overturning of eddies. At any location variations of Sct
values arise over a period of time due to the range of values
of T*.
[9] The dependence of measured Sct data on the non-

dimensional decay time scale T* presented in Figure 2b can
be used to ascertain various aspects of the dynamics of
turbulent density stratified flow. The data appears to be
scattered in Figure 2b. To aid the reader the data has been
grouped into 3 groups according to stratification: weakly
stratified turbulence, Ri < 0.5, whose dynamics are akin to
neutrally stratified (or passive) turbulence; strongly strati-
fied turbulence Ri > 2; and an intermediate in-between state
where 0.5 < Ri < 2. Best-fit trend lines have been drawn
through each group. For weak stratification, Sct values are
independent of T*, and the value of the trend line is close to
the value of the passive limit (Sct � 1). Values of Sct vary
with T* for intermediate and strong stratification. Figure 2b
also shows that the trend lines for all three strengths of
stratification converge to the value Sct � 1 for large values
of T* � 10: this demonstrates that Sct values are indepen-
dent of Ri for large values of T*. In contrast for small values
of T* � 1 there is a large range of values of Sct.
[10] The complications of stable stratification are evident

in the departures of the trend lines from the passive limit for
both groups, 0.5 < Ri < 2 and Ri > 2, in Figure 2b. Broadly,
for intermediate and strongly stratified conditions, Sct
values vary non-monotonically with T*. For example, the
trend line for intermediately stratified data show that Sct
values decrease with T* up to T* � 4; values subsequently
increase and approach values of the passive limit (�1) for
T* > 4. The direct consequence of stratification is the
attenuation of the buoyancy flux, rw, and turbulent diffu-
sivity, Kr, so that Sct values increase [Turner, 1973]. This
behavior is well reproduced by numerical models [e.g.,
Sukoriansky and Galperin, 2005; Jimenez and Cuxart,
2005]. The indirect effect of stratification arising from the
consequences of decay and advection of eddies, however,
has not been fully appreciated. To reiterate, the experimental

Figure 2. (a) Dependence of turbulent Schmidt number
Sct on Richardson number Ri. Note that values of Sct and
the range or spread of data increases with Ri. Also shown
are the predictions of the turbulence closure models of
Pacanowski and Philander [1981], Mellor and Yamada
[1982], and the QSNE theory of Sukoriansky et al. [2005].
(b) Evolution of Sct with non-dimensional time T*, the ratio
of advective to eddy decay time scales. Data and best-fit
trend lines are shown for weak, intermediate and strong
stratification (Ri < 0.5, 0.5 < Ri < 2, Ri > 2 respectively).
For large values T* � 10 values of Sct approach the value
(�1) of passive or neutral stratification and are independent
of Ri.
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data are not scattered; rather, Sct values vary due to a
distribution in values of T*. Advection complicates the
analysis as mixing processes at a location in the flow are
dependent on the flow dynamics upstream. Values of Sct for
strongly stratified data (Ri > 2) become negative over the
range 3 < T* < 6 due to the relatively large (negative)
contribution from counter-gradient transport to buoyancy
flux (see Figure 1b) as the flow attempts to re-stratify after
the perturbation of passage through the turbulence grid. It is
evident that turbulent stably stratified flow comprises a
complex mix of down-gradient and counter-gradient buoy-
ancy flux in addition to internal waves. Counter gradient
transport attenuates for larger values T* � 10, allowing Sct
values to become positive again.
[11] The probability of occurrence of T* is shown in

Figure 3a. It is evident that small values of T* (<3) are most
common and that larger values of T* are more rare for all
three strengths of stratification. The overall trends, taking
into account longevity and advection of eddies as well as
stratification, are shown in Figure 3b. Here Sct values are
plotted as a function of Ri and T* and trend lines are drawn
through the data for T* � 3, 5 and 8. The line for T* � 3

forms an upper bound to the envelope of measured Sct
values while a line for T* � 8 forms a lower bound for Sct
values. The dashed curve Sct = (1 + Ri) is a reasonable best
fit through the middle of the data.
[12] Critical values of Ri have been postulated for which

turbulence is extinguished and buoyancy flux ceases [Miles,
1961; Howard, 1961; Abarbanel et al., 1984]. This results
in a discontinuous evolution of Sct with Ri. The concept of
a critical Richardson number has been recently questioned
by Galperin et al. [2007] and Zilitinkevich et al. [2007]. The
data of Figure 2a shows no discontinuity at Ri = 0.25 or 1.
Figure 3a shows that the effect of strong stratification is to
decrease the probability of occurrence of overturning eddies
with large values of T*; however, there is no extinction of
turbulence as overturning eddies with small values of T* �
O(1) still occur. This argues against the existence of a
critical Richardson number.

4. Conclusions

[13] Experiments were performed on stably stratified
turbulence in a water tunnel. Turbulent velocity, density
fields and buoyancy flux were measured to determine the
turbulent Schmidt number Sct. Sct values were dependent
on two parameters, Ri and T* representing the strength of
stratification, and the non-dimensional eddy turnover time-
scale. The dependence of Sct on T* had not been identified
previously. The scatter observed in Sct data sets measured in
the atmosphere and ocean as well as in the present lab data
arises from the range or distribution in T* values at any
given value of Ri. For large values T* � 10 the value of Sct
is independent of Ri and equal to the value (�1) for neutral
stratification. Values of Sct increase with Ri for small values
T* � O(1) where a best fit to the data is Sct = (1 + Ri). The
prospect for a unique prescription of Sct based on single
point dynamical balances in density stratified turbulence is
complicated further by the fact that Sct is dependent on
advection (i.e., what happens upstream of the measurement
location). The observation of values of T* � O(1) for strong
stratification suggests that there is no critical value of Ri at
which turbulence collapses to laminar flow.
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