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Energetics in Delaware Bay: Comparison of two box models
with observations

by Ana E. Rice1,2, Michael M. Whitney3, Richard W. Garvine1,4 and Pablo Huq1

ABSTRACT
A corrected version of an unstratified box model of potential energy anomaly φ, initially developed

by Garvine and Whitney (2006), and a new two-layer box model that allows for stratified and well-
mixed conditions are applied to Delaware Bay. The models are applied for the Garvine and Whitney
(2006) 1988-1994 study period and in Spring 2003; however, only model results of potential energy
anomaly from the latter period are compared to in situ observations obtained outside the bay mouth.
Unstratified model results for the two study periods reveal that the river discharge (Ω1) is the largest
potential energy anomaly contributor. This term is closely followed (but with opposite sign) by the
coastal current efflux term (Ω2). For the two-layer model the largest contributor is the dense inflow
term (Ω6). The wind term (Ω5) is the second largest, followed by the tide (Ω3), river discharge
(Ω1) and coastal current terms. In both models the solar heat flux term (Ω4) makes the smallest
contribution to φ. The available one-month comparison of model results to observations renders
statistically insignificant correlation coefficients for both models. We speculate dynamical differences
between conditions at the estuary mouth and the instrument location on the nearby shelf contribute
to the model-observation mismatch. Other statistics, such as the root mean square error indicate that
the unstratified model performs better than the two-layer model for the observation period. The latter
model is, however, able to depict the importance of tides and winds in the computation of potential
energy anomaly and is able to detect the response of φ due to strong wind events. While there is no
clear model choice for the Delaware Bay, the unstratified model may be entirely inappropriate for
highly stratified estuaries.

1. Introduction

It is important to understand the mixing and exchange processes that occur between
estuarine waters and the coastal ocean as these systems provide major gateways for the
transfer of materials from continents to the ocean (Henrichs et al., 2000). A viable approach
for studying mixing processes is through the computation of available potential energy, φ

(J m−3), defined as the energy stored within the system that has the ’potential’ to change
the state of the dynamics in the system when the energy is released (Serway and Jewett,
2004).
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Simpson and Hunter (1974) pioneered the use of potential energy anomaly when study-
ing sea fronts in the Irish Sea and then applied φ to study the development and break-
down of stratification from river discharge in estuaries (e.g. Simpson et al., 1990; 1991;
and Simpson and Bowers, 1981). Recently, Garvine and Whitney (2006) (from now on
GW06), noted that the ratio of kinetic to potential energy (or the internal Froude num-
ber squared) in the delivery of riverine freshwater through the estuary and adjacent shelf
is typically small compared to unity. The authors therefore concluded that the bulk of
the energy content associated with buoyant river discharge is in the form of potential
energy.

Box models for the study of dynamical processes are attractive due to their simple nature
and relatively straightforward application. Generally, box models are applied to physical
systems to model complicated dynamics from simplified inputs and model characteristics.
These models therefore serve as low-level interpretive and/or predictive tools, providing
users with a simplified physical picture of the system. A recent example of a box model
application is found in GW06. In that paper, the authors draw on the box models of Stommel
(1961), Hamilton et al. (1985) and Austin (2002) for inspiration in an attempt to accurately
represent the dynamics in the coastal boundary conditions of climate models. They assess
the freshwater delivery to the Delaware shelf and deep ocean by developing a coupled
box model of the Delaware Bay estuary and shelf. The estuarine component of the model
assumes an unstratified water column; it computes the potential energy anomaly budget
in the estuary domain and the potential energy flux to the shelf. The authors compare box
model results of freshwater flux to observations, and potential energy anomaly box model
results to φ results from the primitive equation hydrodynamic three-dimensional Estuarine,
Coastal and Ocean model (ECOM3D). Their work, however, does not compare model
potential energy anomaly to in situ φ data. In an attempt to understand mixing dynamics of
the region and to assess model performance, the present study employs a corrected version
of the potential energy anomaly box model of GW06 in the Delaware estuary. In addition,
we develop a two-layer box model that allows for mixing and stratification in the estuary.
The models are run for the GW06 study period and the Spring of 2003. For the latter period
model results are compared to available in situ observations obtained from the Delaware
Circulation and Dye Experiment (DECADE), which was undertaken to study mixing and
circulation processes between Delaware Bay and the coastal ocean via the Delaware coastal
current (DCC).

Many aspects of the dynamics of the Delaware Bay buoyant outflow have been eluci-
dated by Garvine and co-workers. For example, the role of buoyancy and wind-forcing in the
dynamics and the variability of the vertical structure of the buoyant plume were resolved by
Münchow and Garvine (1993 a,b) and Wong (1998). The classification scheme of Garvine
(1995) showed that the Delaware Bay buoyant outflow was a large-scale weakly nonlinear
outflow. Sanders and Garvine (2001) found that the freshwater delivery is controlled pri-
marily by upland freshwater discharge into the estuary and along-estuary winds, and that
during upwelling-favorable winds, the plume at the surface tends to spread offshore, whereas
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during downwelling-favorable winds it is confined to the coast. Incorporation of realistic
wind conditions, tidal fluctuations and river discharge in simulations of the Delaware Bay
buoyant outflow using ECOM3D was successfully undertaken by Whitney and Garvine
(2005; 2006).

The field portion of DECADE took place in the Spring of 2003 and 2004 on the continental
shelf in the vicinity of the Delaware Bay mouth. A mooring array was deployed each
year. The purpose of the mooring deployment was to obtain vertical profiles of salinity,
temperature and velocity, so the moorings were designed to be of the U-shape type composed
of a slack wire, ground wire and taut wire. Each slack wire contained an S4 current meter
(equipped with temperature and salinity sensors) at 2-m depth, followed by 8 thermistors.
On the taut wire, an S4 meter was placed at 6-m depth, followed by three CT sensors.
Density was computed at the moorings only for the CT sensors and S4 current meters, so
regression analysis was employed to infer the density field from temperature. From the
analysis, 15-minute density data (with a typical vertical spacing of 2 m) were obtained. Out
of the six moorings deployed in DECADE, mooring DC (deployed on the 18-m isobath; see
Fig. 1) was closest to the bay mouth and so its data are analyzed in this study for comparison

Figure 1. Study area for the Delaware Circulation and Dye Experiment (DECADE). Density data
was obtained from mooring DC and wind data from Atlantic City, NJ. Depth contours are depicted
in meters.
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to box model results. Due to poor data resolution in the top half of the water column at the
mooring in 2004, only data from the Spring of 2003 (April 10 to May 10) are examined.

This paper is divided into five sections. In Section 2 the potential energy anomaly is
defined and a corrected version of the GW06 unstratified box model is summarized. In
addition, a two-layer box model case is developed to allow for stratified and well-mixed
conditions in the estuary. In Section 3 the corrected unstratified and two-layer models are
applied to the Delaware Bay for the GW06 study period. Mixing dynamics are inferred
from the annual signals and results from the two box models are compared. In Section 4,
φ is computed from density observations at mooring DC in the Spring of 2003. Mixing
dynamics are analyzed and potential energy anomaly results are compared to unstratified
and two-layer model results of the Delaware Bay for the study period. The summary and
conclusions follow in Section 5.

2. Potential energy estuarine box model

a. Potential energy anomaly

The potential energy anomaly definition used in GW06 was modified from the original
definition (e.g. Simpson et al., 1990) in order to account for all estuarine potential energy
inputs to the shelf. The original definition is the local potential energy anomaly of the water
column (relative to the free surface):

φlocal = g

h

∫ 0

−h

(ρ − ρ) zdz (1)

i.e. where z is the vertical coordinate (positive upward), h is depth, g is gravitational accel-
eration, ρ is the depth-averaged density, and ρ is the potential density through the water
column. This φlocal increases with increasing stratification, decreases due to vertical mixing,
and reaches zero for a well-mixed water column.

The original definition does not include all the potential energy inputs that estuaries
contribute to the shelf. For instance, a vertically well-mixed estuary has φlocal = 0 even
though its lower densities introduce a significant buoyancy source to the shelf. Consequently,
GW06 used a modified potential energy anomaly for box model formulation (ρs is the shelf
reference density):

φ = −g

h

∫ 0

−h

(ρs − ρ) zdz. (2)

This potential energy anomaly can be separated into two contributions: φ = gh(ρs −
ρ)/2 − φlocal . The first contribution (φ1) will be positive for any typical estuary. This con-
tribution increases as depth-averaged densities decrease due to freshwater inflow or surface
heating; while it decreases due to dense water inflows through the mouth. The increased
stratification caused by these factors causes the second contribution (−φlocal) to grow more
negative; competing with the positive first term. Vertical mixing from tides and winds
decreases stratification but cannot affect depth-averaged densities directly. Consequently,
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vertical mixing increases φ due to changes only in -φlocal . Any estuary that has a maxi-
mum density not exceeding ρs and a stably stratified or well-mixed water column will have
positive φ values at all times.

b. Model formulation

The coupled box model developed by GW06 is composed of an estuarine box and a shelf
box whereby river water flows into the estuarine box and mixed freshwater and coastal
water are output from the shelf box to the deep ocean (GW06). For the purpose of their
study and herein only the estuarine box model is discussed and tested.

Our goal is to assess the time rate of change of the potential energy anomaly in the estuary
from fluxes across the boundaries, both vertical and horizontal and from interior processes.
In the estuarine box model, φ can vary in response to competing rates of change associated
with riverine freshwater inflow (Ω1), mixed water outflow to the shelf (Ω2), tidal mixing
(Ω3), surface heat flux (Ω4), wind-induced mixing (Ω5), and dense-water inflow (Ω6). The
equation expressing the budget of the area-averaged potential energy anomaly in the estuary
(φe) is:

aAe

dφe

dt
=

N∑
i=1

Ωi (3)

where Ae is the total surface area of the estuary and a is the surface area fraction covered
by the estuary box. Table 1 lists the expressions for the potential energy anomaly rate com-
ponents (Ωi ) for the unstratified and two-layer cases and Table 2 lists variables associated
with Ωi .

In order to obtain a solution, additional information is needed: φe must be defined in
terms of the estuary-averaged density (ρe), the outflowing density at the mouth (ρm) must
be linked to φe by specifying the axial density gradient, and the volume flux out of the
estuary (Vcc) must be specified. For the Delaware Bay application, the subtidal outflow is

Table 1. Potential energy anomaly rate components for the unstratified and two-layer box models.

Variable Name
Expression unstratified

model
Expression two-layer

model

Ω1 potential energy influx from river P(g/2)(ρs − ρr )R (g/4)(ρs − ρr )R

Ω2 outflux to coastal current −(g/2)(ρs − ρm)Vcc −(g/4)(ρs − ρm)Vcc

Ω3 tidal mixing – 4ε
3π

Cdρsu
3
t Ae/he

Ω4 solar radiation αgQsAe/2Cp αgQsAe/4Cp

Ω5 wind mixing – δκsρa | W |3 Ae/he

Ω6 dense water inflow – −(g/2)(ρs − ρL)VL
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Table 2. Estuarine box model variables (after GW06).

Variable Name

P Factor set by profiles of current and ρ at river inflow
ρr Density of river water (999.7 kg m−3)
R River discharge (m3 s−1)
ρm Density at mouth of estuary (kg m−3)
Vcc Volume flux of coastal current (m3 s−1)
Le Distance from estuary mouth to fresh water (km)
Xe Distance from estuary mouth to water of density ρe (km)
a Surface area fraction covered by estuary box (m2)
b Xe/Le parameter
ε Mixing efficiency of tide (0.004)
Cd Bottom drag coefficient
ut Root mean squared tidal current amplitude (m s−1)
umod Tidal current amplitude modulation for neap-spring variations (m s−1)
he Mean estuary depth (m)
α Thermometric expansion coefficient (1.7 × 10−4/K)

Qs Net solar radiation (Wm−2)
Cp Specific heat of sea water (4200 J/kg−K )
δ Mixing efficiency of wind constant (0.039)
ks Effective surface drag coefficient (6.4 × 10−5)

ρa Air density at sea level (1.229 kg m−3)
W Wind speed magnitude (m s−1)
Wx Rotated wind component magnitude (m s−1)

computed empirically using a linear regression with low-passed wind and river discharge
as independent variables:

Vcc = V cc + a1(Wx − Wx) + a2(R − R) (4)

where the overbars indicate long term mean values, Wx is the wind component along the
estuary axis (positive seaward), and R is river discharge lagged by 7 days. The linear
regression coefficients are established in GW06 as a1 = 433 m−2 and a2 = 2.54. GW06
uses the climatological values V cc = 8788 m3 s−1, Wx = 0 ms−1 and R = 577 m3 s−1.
Other box model inputs include time series of river discharge (for Ω1 and Vcc in Ω2), winds
(for Ω5 and Vcc in Ω2), and surface heat flux (for Ω4). The characteristic M2 tidal current
amplitude and spring-neap modulation force Ω3. As explained below, the unstratified case
cannot include tidal or wind mixing explicitly (Ω3 = 0, Ω5 = 0).

Volume conservation is used to find the time-varying landward flow through the mouth
(VL):

VL = Vcc − R − VQ. (5)

Here VQ reflects thermal expansion or contraction due to surface heat flux (Q); a typically
small term neglected in GW06. Estuary water volume is considered constant. R and VL are
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positive into the estuary, VQ is positive for heating, and Vcc is positive out of the estuary.
Note that the landward Stokes transport (separately considered in GW06) is included here
in VL.

The box model conserves mass. In fact, the potential energy anomaly budget can be
derived by combining volume and mass conservation. The form of the mass budget will
be included for each case, but it is important to note that it does not introduce another
independent equation. Figure 2 illustrates estuarine box model inputs, outputs and basic
assumptions for the two box models.

c. Unstratified model

GW06 applied an unstratified box model to the Delaware Bay. This model is summarized
to draw comparisons with the two-layer case and to correct errors in the original formula-
tion. The most substantial error introduced the possibility of overmixing (i.e. more mixing
than is realistic). Choosing an unstratified model implicitly assumes that tidal and wind
mixing are always strong enough to mix away any stratification; this limiting case can be an
appropriate choice for many estuaries (including the Delaware). In this case, the potential
energy anomaly budget should not include vertical mixing terms since the water column
cannot be further mixed. The correct φ budget is:

aAe

dφe

dt
= Ω1 + Ω2 + Ω4. (6)

In GW06 Ω3 and Ω5 were included, but other factors minimized the error in the results.
A computational error kept the calculated wind mixing (Ω5) orders of magnitude too small.
The tidal mixing (Ω3) was largely offset by the nonzero annual mean heat flux (in Ω4); the

Figure 2. Diagram depicting the inputs, outputs and basic model assumptions of the unstratified and
two-layer estuarine box models.
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annual mean Q now is set correctly to zero to avoid long-term heating and cooling in the
system.

The unstratified case divides the estuary laterally into two boxes: one side with low
densities and seaward flow and the other side with the shelf reference density and landward
flow. Since the landward water has a density of ρs , it carries no potential energy anomaly
flowing into the estuary and thus Ω6 = 0. The box model is constructed for the active
low-density side with volume aAeh (0 ≤ a ≤ 1). GW06 implicitly set a = 1; a = 0.2
for the new computations to better reflect the Delaware regime. Corrected results for the
GW06 study period are described in Section 3.

Conservation of mass for this box model is:

aAeh
dρe

dt
= ρrR + ρsVL − ρmVcc. (7)

The river mass flux enters the estuary head, the buoyant outflow mass flux leaves through
the mouth, and the landward dense-water mass flux enters along the box side that laterally
divides the estuary. Note that surface heat flux has no mass flux directly associated with it,
but the volume expansion and contraction (VQ = αaAeQ/Cpρe) does appear in the volume
budget (5) used to calculate VL.

The potential energy anomaly is area-averaged only over the seaward-flowing low-density
box included in the model. φ changes associated with free surface height are small and are
therefore ignored for simplicity. The φe is related to the average density ρe by integrating (2):

φe = gh

2
(ρs − ρe). (8)

Similarly, the potential energy anomaly at the mouth of the estuary φm is defined as:

φm = gh

2
(ρs − ρm). (9)

The box model specifies a linear density gradient increasing from ρr at distance Le from
the mouth to ρm at the mouth. At distance Xe from the mouth, the upper-estuary volume
equals the lower-estuary volume and the local density equals the estuary-averaged density.
The parameter b = Xe/Le is 0.5 for a constant-width constant-depth estuary; b < 0.5 for
estuaries that widen and/or deepen toward the mouth. With the linear density gradient, ρe

is related to ρm by:

ρe = (1 − b)ρm + bρr . (10)

By substituting the Ω terms (Table 1), the φe expression (8), and the axial density gradient
(10) into the φ budget (6), a single equation for the unknown ρe is found:

dρe

dt
= −(ρs − ρr )

R

aAeh
− αρs

hCpρe

Q +
[
ρs − ρe − bρr

(1 − b)

]
Vcc

aAeh
. (11)
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Alternately, the above equation can be derived by substituting volume conservation (5)
and the axial density gradient (10) into mass conservation (7). This equation can be numeri-
cally integrated with time-varying inputs of river inflow, surface heat flux, and empirically-
derived coastal current volume flux. The resulting ρe time series can be used to calculate
φe via (8) and ρm via (10). The model is initialized with the steady-state solution derived
in Section 2e.

d. Two-layer model

Two-layer models allow for stratified and well-mixed conditions. The two-layer model
developed here fixes the layer interface at half the total water depth (d = h/2) and allows the
upper- and lower-layer densities to vary with time. The estuary-averaged potential energy
anomaly budget for this case is:

Ae

dφe

dt
= Ω1 + Ω2 + Ω3 + Ω4 + Ω5 + Ω6. (12)

Note that tidal and wind mixing are explicitly included. The mixing terms are shut off
when the water column becomes unstratified anywhere in the estuary; this threshold avoids
overmixing and preserves the linear axial density gradient. The Ω6 term arises because the
lower layer contributes to φe changes when ρL becomes less than ρs after vertical mixing.
The Ω expressions are listed in Table 1. The surface area fraction covered by the estuary
box, a for this model is equal to 1.

Mass is conserved in the upper and lower layers (and the entire estuary):

Aeh

2

dρU

dt
= ρrR + ρLVL + −ρmVcc + Mmix (13a)

Aeh

2

dρL

dt
= (ρs − ρL)VL − Mmix. (13b)

The upper-layer mass budget is similar to the unstratified case except for the additional
mass flux associated with vertical mixing, Mmix = (2/g)(Ω3 +Ω5). Mmix increases upper-
layer density and decreases lower-layer density; Mmix = 0 when tidal and wind mixing are
shut off. VL can be calculated with the volume budget (5) and the expression for thermal
expansion and contraction (VQ = αAeQ/CpρU).

The estuary-averaged potential energy anomaly can be expressed in terms of the area-
averaged upper and lower-layer densities (ρU and ρL, respectively) by integrating (2) for
this situation:

φ1e = gh

8
(4ρs − 2ρL − 2ρU) (14a)

φlocale = −gh

8
(ρL − ρU) (14b)

φe = gh

8
(4ρs − 3ρL − ρU) (14c)
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where φe = φ1e − φlocale . The potential energy anomaly at the mouth (φm) is defined as
(here the lower layer density is always ρm):

φ1m = gh

8
(2ρs − 2ρm) (15a)

φlocalm = −gh

8
(ρs − ρm) (15b)

φm = gh

8
(ρs − ρm). (15c)

A linear density gradient is specified for the upper and lower layers. Upper layer density
ranges from ρr at the head to ρm at the mouth. Lower layer density ranges from ρH (an
additional unknown variable) at the head to ρs at the mouth. At Xe the local upper- and
lower-layer densities equal ρU and ρL, respectively. With these linear gradients, ρU is related
to ρm, ρL is related to ρH , and ρe is related to ρU and ρL by:

ρU = (1 − b)ρm + bρr (16a)

ρL = (1 − b)ρs + bρH (16b)

ρe = (ρU + ρL)/2. (16c)

Note that (16b) is not necessary to complete the box model solution, but it can be used
afterward to find ρH and the linear density distribution in the lower layer. Similarly, (16c)
can be used to calculate the estuary-averaged density afterward.

For the two-layer case, it is most straightforward to numerically integrate a coupled set of
equations for ρU and ρL derived by substituting volume conservation (5) and the upper-layer
density gradient (16a) into the mass budgets:

dρU

dt
= −2(ρL − ρr )

R

Aeh
− 2αρL

hCpρU

Q + 2

[
ρL − ρU − bρr

(1 − b)

]
Vcc

Aeh
+ 4(Ω3 + Ω5)

gAeh

(17a)

dρL

dt
= 2(ρs − ρL)

Aeh

[
−R − αAe

CpρU

Q + Vcc

]
− 4(Ω3 + Ω5)

gAeh
. (17b)

These equations can be substituted into the time derivative of (14c) to give the left-hand
side of (12) and yield the φe budget.

The coupled equations (16) can be numerically integrated with forcing from river inflow,
surface heat flux, winds, tidal current amplitudes, and the empirically derived coastal current
volume flux. The resulting ρU and ρL can be used to calculate ρm, ρH , and ρe via (15c).
The model is initialized with the steady-state solution derived in Section 2e.
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e. Steady-state solutions

The steady-state solution for the unstratified case is found by setting the left-hand side
of (11) to zero, setting variables to mean values and solving for ρe:

ρe = ρr + (1 − b)

[
(ρs − ρr )

(
1 − R

V cc

)
− aAeαQ

CpV cc

]
. (18)

The density ratio in the Q term is set to one for simplicity. The steady-state φe is then
found by substituting ρe into (8).

For the two-layer case, the steady-state solution is derived by setting the left-hand side
of (17a) and (17b) to zero, setting variables to mean values and solving for ρL and ρU . Note
that the density ratio in the Q term is set to one in (17a) and ρU is approximated as ρs in
the Q term in (17b). The variable ρL is solved for first, then ρU can be found. Wind mixing
is set to zero for the mean state. Note that if tidal mixing is set to zero, ρL = ρs and ρU is
almost exactly ρe from the unstratified case:

ρL = ρs − 2Ω3

g

[
−R − αAe

Cpρs

Q + V cc

]−1

(19)

ρU = ρr + (1 − b)

[
(ρL − ρr )

(
1 − R

V cc

)
− AeαQ

CpV cc

+ 2Ω3

gV cc

]
. (20)

The steady-state φe is then found by substituting (19) and (20) into (14c).

3. Box model application to Delaware Bay for the GW06 study period

a. Model initialization

We applied the unstratified and two-layer potential energy estuarine box models to the
Delaware Bay for the GW06 1988 to 1994 model period using a time step of 1 day. Following
GW06, we adjusted the maximum heat flux to coincide with the time of the summer solstice
and initialized the models by setting climatological value of wind (Wx) to zero, volume
flux (V cc) to 8788 m3 s−1 and river discharge (R) to 577 m2 s−1 (i.e. the computed mean
discharge for the period 1988-1994). In addition we set the climatological value of heat flux
(Qs) to zero. The initial density and φe values were set to climatological values computed
as described in the last section. For the unstratified model ρe = 1016 kg m−3 and φe = 352
J m−3. For the two-layer model ρL = 1019 kg m−3, ρU = 1016 kg m−3, and φe = 239
J m−3. We set the climatological value for the tide (utide) to the RMS tidal current amplitude
of 0.5 ms−1. For the two models we set the seasonal heat flux amplitude (Qseasonal) to 89
Wm2 and in the unstratified model P = 1, as in GW06. The latter represented a river
inflow with no vertical shear. We used a ρs = 1025 kg m−3 and ρr = 999.5 kg m−3.
For the Delaware Bay, he = 8 m, Ae = 2.1 × 109 m2, Xe = 30 km, Le = 97 km,
and b = 0.3. Other model variables used for Delaware Bay are summarized in Table 3.
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Table 3. Estuarine box model variables used for Delaware Bay in the unstratified and two-layer model
versions.

Variable Value

a1 433
a2 2.54
Cd 0.0025
ut 0.6 m s−1

umod 0.1 m s−1

Ae 2.1 × 109 m2

Xe 30 × 103 m3

Le 97 × 103 m3

a 0.2
b 0.3
P 1
he 8 m
ρs 1025 kg m−3

Qs 0 Wm−2; seasonal flux = 89 Wm−2

V cc 8788 m s−3

Wx 0 m s−2

ut 0.6 m s−1

R 577 m3 s−1

Qs 0 W m−2

Following GW06 we used the component of the hourly Atlantic City winds aligned with
135◦T to characterize along-estuary winds. To estimate the riverine freshwater inflow (R),
the hourly Trenton River discharge was used; discharge values were divided by 0.58 to
account for other sources of freshwater into the bay (Whitney, 2006).

b. Unstratified box model results

Figure 3 is a corrected version of Figure 4 in the GW06 paper. It shows φe variation
rates and levels of Ωi for the year 1993. Even in the absence of explicit tidal and wind
effects, the new unstratified model results are generally similar to results in GW06. As
discussed, this is primarily due to the computational error in the wind term, which kept the
term orders of magnitude too small, and to the use of a nonzero annual mean heat flux,
which largely offset the tidal (Ω3) term. The main difference is observed in the dφ/dt

curve, which no longer exhibits tidal modulation effects. As found in GW06, the largest
contributor of potential energy to the estuary is the river discharge, primarily due to the
two high discharge events in the months of April and December. With a mean magnitude
of Ω1 = 7.2 × 105 J m−1 s−1, the river discharge term is closely followed (but with
opposite sign) by the coastal current efflux term (Ω2 = 7.1 × 105 J m−1 s−1). This term
contributes to the depletion of potential energy in the estuary. In comparison to the Ω1 and Ω2
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Figure 3. Corrected GWO6 time series of Delaware Bay rates of change of potential energy anomaly
for the year 1993 obtained from the unstratified box model. The competing mechanisms for the
unstratified model are the river (Ω1), coastal current (Ω2) and solar heat (Ω4).

Figure 4. Time series of the rates of change of potential energy anomaly for Delaware Bay in 1993
obtained from the two-layer box model. In addition to the river, coastal current and solar heat
mechanisms, the two-layer model also incorporates tidal (Ω3), wind (Ω5) and dense inflow (Ω6)

mechanisms. The Ae ∗ dφ/dt term is shown in panel (a), river, coastal current, solar and dense
inflow terms in panel (b), and the tidal and wind terms in (c). For clarification purposes panel (b)
is plotted on a different scale than panels (a) and (c).
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terms, solar heating (Ω4 = 7.8 J m−1 s−1) makes only a small contribution to the potential
energy. Tidal and wind mixing are implicitly considered always strong enough to counter
stratifying influences of river inflow and surface heating and keep the estuary vertically well
mixed.

c. Two-layer box model results

Figure 4 shows variations and rate levels of Ωi from the two-layer model for the year
1993. For clarification purposes panel (b) is plotted on a different scale than panels (a) and
(c). In contrast to the unstratified model results, the coastal current efflux and dφ/dt curves
now co-vary with wind events. In addition, the effect of the neap-spring tidal variability is
now clearly evident in the two curves during the summer months, where strong wind events
are absent. This variability is not present in the unstratified results due to constant mixing
levels set in the model.

The largest contributor in the two-layer case, with a mean magnitude of Ω6 = −2.9 ×
105 J m−1 s−1, is the dense inflow term. On average this term balances out the tide and
wind-mixing terms, which tend to increase the potential energy in the system. Since it
has a negative sign, the dense inflow term acts to lower φ. The wind term is the second
largest contributor (Ω5 = 1.7 × 105 J m−1 s−1), followed by the tide (Ω3 = 1.6 × 105

J m−1 s−1), river discharge (Ω1 = 5.6 × 104 J m−1 s−1), coastal current efflux (Ω2 =
−4.8 × 104 J m−1 s−1) and lastly the surface heat flux term (Ω4 = 3.9 × 103 J m−1

s−1).
Contrary to the remarks made in GW06, the wind term is a large contributor to the

system (i.e. the largest peak registers at 11×105 J m−1 s−1) and, except during the summer
months, wind mixing is intermittently important. The two large peaks in river discharge
observed in the unstratified layer results (Fig. 3) in the months of April and December and
the corresponding coastal current efflux peaks from the discharge, are also detected in the
two-layer model results, although the magnitude of the events are dampened by about half.
The lower variability reflects competing responses to high river discharge; the stratification
increase due to increased river inflow partially counters the depth average density and buffers
φe changes.

Results of φe for 1993 from the unstratified and two-layer models can be compared in
Figure 5. The two models exhibit some similar φe variability, with the signature of the two
freshwater events of April and December apparent in both the time series. On average, the φe

results for the unstratified model are about 35% larger than the two-layer φe. Analysis of Eq.
(2) answers the discrepancy. In the unstratified case we have assumed a locally well-mixed
water column, so that -φlocal (second term in Eq. 2) is always zero and φe is controlled
entirely by φ1. In contrast, the two-layer case usually is stratified. This stratification creates
a -φlocal that competes with φ1 and lowers the φe values. The two models are plausible
for the Delaware Bay and there exists an uncertainty as to which one is more correct. A
discussion of model performance is presented in Section 4c.
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Figure 5. Comparison of Delaware Bay box model results of φe for the unstratified and two-layer
models for the year 1993.

4. Box model application for Delaware Bay in Spring 2003

We applied the unstratified and two-layer potential energy estuarine box models to the
Delaware Bay for the period January 1 to May 10, 2003 using a time step of one hour.
Even though the available observations at mooring DC were for the period April 10 to
May 10, we began the model runs three months ahead of the observations in order to allow
sufficient time for adjustments to initial conditions to take place. Model variables, including
initialization variables, were identical to the previous runs.

a. Box model results

Figure 6 shows the time series of the φe rate of change variations and Ωi from the
unstratified model from March 1 to May 10, 2003. The magnitude hierarchy of the average
Ω terms is identical to the GW06 case. River discharge is initially low (Ω1 values are about
0.8 × 105 J m−1 s−1) until March 17, where a large discharge event (with maximum Ω1

values reaching 5 × 105 J m−1 s−1) causes rapid increase of potential energy in the estuary.
Subsequent small discharge events occur on March 30, April 14 and May 5; however, the
Ω1 term has a decreasing trend to the end of the study period. The rapid increase in potential
energy from the large discharge event is compensated by the coastal current efflux term,
which acts to deplete φ in the system. This compensation occurs during a two to three week
period and is clearly observed in the strong variability of the dφ/dt term. Except for the
latter periods, dφ/dt is stable throughout the time series. The solar term (Ω4), through
its heating effect, contributes to the availability of potential energy, but it is the smallest
contributor in the system.

Figure 7 shows time series of the φe rate of change and Ωi from the six different competing
mechanisms for the two-layer Spring 2003 model run. For clarification purposes panel (b) is
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Figure 6. Time series of the rates of change of potential energy anomaly for the three competing
mechanisms for Delaware Bay from March 1 to May 10, 2003 for the unstratified model.

Figure 7. Time series of the rates of change of potential energy anomaly for the six competing
mechanisms for Delaware Bay from March 1 to May 10, 2003 for the two-layer model. The
Ae ∗ dφ/dt term is shown in panel (a), river, coastal current, solar and dense inflow terms in panel
(b), and the tidal and wind terms in (c). for clarification purposes panel (b) is plotted on a different
scale than panels (a) and (c).



2008] Rice et al.: Comparison of Delaware Bay two-layers box models 889

plotted on a different scale than panels (a) and (c). In accordance with the GW06 two-layer
model results, the largest contributor is the dense inflow term (Ω6), followed by the wind
(Ω5), tide (Ω3), river discharge (Ω1), coastal current efflux (Ω2) and lastly the surface
heat flux term (Ω4). The 14-day tidal variability and wind variability are detected in the
dφ/dt curve; however, the neap-spring tidal variability is not detected in the costal current
efflux term due to the presence of strong wind events throughout the study period. The
influence of seven strong wind events (with peaks larger or equal to 11 × 105 J m−1 s−1)
are evident in Figure 7. The same events can also be observed in Figure 8, which is the
wind record for Atlantic City for the model period March 1 to May 10, 2003. The events
have magnitudes ranging from 8–10 ms−1; there are four upwelling favorable and three
downwelling favorable events. The strong upwelling events occur on March 2-4, March
8-11, March 30-April 1 and April 23-25, while the downwelling events on March 17-20,
April 7-12, and April 17-21. Note that even with the high occurrence of strong winds in the
study period, the coastal current efflux term is generally more responsive to river discharge
than wind effects.

Unstratified and two-layer box model results of the φe and φm are shown in Figure 9
(a) and (b), respectively. The thin vertical lines in the figure represent the seven strong
wind events identified in Figures 7 and 8 at the time of maximum wind speeds. Results
of φe and φm for the unstratified model have mean values of 360 J m−1 and 75 J m−1,
respectively, and appear to be stable over the model period, except for the large φe and
φm peaks near March 25. This potential energy anomaly peak is driven by the imbalance
of the river discharge and the coastal current efflux Ω terms as a result of the large river
discharge event depicted in Figures 6 and 7(a). On average, potential energy anomaly φe

and φm results for the two-layer model are about 25% and 60% smaller, respectively, than
for the unstratified results (φe = 300 J m−3, φm = 27 J m−3). On monthly time scales φ

results for this model are less variable than the unstratified results. This is due to the smaller
φe and φm magnitudes, smaller peaks related to river discharge, and the balancing effects
of φ produced by the dense inflow term (Ω6). On daily to weekly time scales, variability

Figure 8. Wind record from Atlantic City from March 1 to May 10, 2003. Note the strong (8–10
ms−1) downwelling-favorable wind events on March 17-20, April 7-12, and April 17-21, and the
strong upwelling events on March 2-4, March 8-11, March 30-April 1 and April 23-25.
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Figure 9. Comparison of Delaware Bay unstratified and two-layer box model results of φe(a) and
φm (b) from March 1 to May 10, 2003. The thin vertical lines depict the times of maximum wind
speed of seven strong (8-10 m s−1) upwelling- and downwelling-favorable wind events.

associated with strong wind events (magnitudes larger or equal to 8 ms−1) can be detected
in the two-layer model results of φ. During these wind events the estuary average potential
energy anomaly increases, while at the mouth the anomaly decreases. These responses are
best explained with the aid of Eqs. (14a,bc) and (15a,b,c). Wind mixing increases the estuary
average upper-layer density and decreases the lower-layer density by the same magnitude.
This response leaves the depth-average density, and thus φ1e , unchanged and causes the
φlocale term to become less negative; this results in increased φe. At the mouth, wind mixing
increases the upper-layer density (ρm), but the lower-layer density remains fixed at ρs due
to the landward flow of shelf water. This response decreases φ1m by increasing the depth-
average density and causes the -φlocalm term to become less negative; φm decreases because
the change in φ1m is always twice the -φlocalm change.

Figure 10 shows the time series of estuarine averaged density (ρe) for the unstratified
and two-layer models and the upper and lower layer density (ρU and ρL) series for the
two-layer model. The differences in ρe between the two model results are 1 to 2 kg m−3;
except during the large river discharge event in March, where density differences reach 4
kg m−3. It is important to point out that the unstratified model ρe time series is by definition
fresher than the two-layer model series. This is due to the fact that the density is computed
only in the low-density outflowing side in the unstratified model. In contrast, the two-layer
model ρe is the average density in the upper and lower layers and includes the entire estuary.
The ρe in the unstratified model and the ρU in the two-layer model track each other well
(r = 0.7) because the river inputs (R) and the mouth outflow (Vcc) are the same in both
cases. Differences between the two curves are generally related to the lack of explicit wind
mixing in the unstratified ρe curve.
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Figure 10. Results of Delaware Bay ρe, ρU and ρL from the two-layer model and ρe from the
unstratified model for the period March 1 to May 10, 2003. The thin vertical lines depict the times
of maximum wind speed of seven strong (8-10 m s−1) upwelling- and downwelling-favorable wind
events.

The effects of stratification and mixing in the two-layer model can be identified by the
symmetry of the ρU and ρL curves. The separation of the curves during the high river dis-
charge event in late March and between the strong wind events is indicative of stratification
in the water column, while the de-stratification of the water column due to vertical mixing
is visible during the wind events. Mean values of ρU and ρL are 1015.3 and 1018.1 kg m−3,
respectively. The high levels of R during the river discharge event causes a freshening of the
estuarine upper-layer density, which in turn causes the estuarine depth-averaged density ρe

to decrease. The resulting coastal current outflow (through Vcc) produces an increased VL

inflow that increases the lower-layer density. This eventually causes the estuarine-averaged
density to increase back to background levels of about 1017.5 kg m−3. During strong wind
events, the upper-layer densities are increased due to mixing with lower-layer densities.
However, as discussed, since vertical mixing associated to wind cannot directly change the
estuarine average density, the lower-layer waters become fresher to offset the increase in
density in the upper layer. Results of density time series at the mouth for the two models
are discussed in Section 4c.

b. Potential energy computation from observations at mooring DC

Low pass filtered density data from mooring DC were used to compute the potential
energy anomaly at the mooring site. In order to compare model results to observations,
density data at the mooring were extrapolated to hourly from 15 minute samples. Data were
also interpolated to 1 m intervals in the vertical. The depth-averaged potential energy φDC

was computed from (2), using a depth hDC = 18 m. As in the box models, we used a ρs of
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Figure 11. Results of depth-averaged salinity of the Delaware Bay region obtained from an ECOM
3D model run averaged over the observation period April 10 to May 10, 2003.

1025 kg m−3. The depth-averaged density time series from the mooring is used to compare
to the model time series.

Figure 11 shows results from an ECOM3D model run of depth-averaged salinity in the
Delaware Bay region averaged over the observational time period of April 10 to May 10,
2003. While the average salinity across the estuary mouth is about 28.5 PSU, the average
salinity at mooring DC is of the order of 29.5 PSU. Due to this 1 PSU salinity difference
we anticipate the observed densities will be higher than model results for the mouth. The
proximity of the mooring to the mouth makes comparisons with model results a worthwhile
endeavor. It should be noted that the mooring site is influenced by both estuarine and shelf
processes so perfect agreement is not expected.

c. Comparison of potential energy box model results to observations

Figure 12 shows the observed and modeled time series of potential energy anomaly at
the estuary mouth (φm) and Figure 13 shows time series of mouth density ρm. In order to
detect stratified and mixed regimes at the mooring site, density contours at 1, 6, 12 and 18
m depth are also displayed on the latter figure. The model φm was computed by solving
(9) for the unstratified case and (15c) for the two-layer case. At the beginning of the time
series (April 10) the observed level of potential energy anomaly at the mouth is 100 J m−3.
The reason for the initial increase of φm to 150 J m−3 is unclear since it occurs during
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Figure 12. Comparison of Delaware Bay results of φm from the unstratified and two-layer models
and observations for the period April 10 to May 10, 2003. The thin vertical lines depict the times
of maximum wind speed of seven strong (8-10 m s−1) upwelling and downwelling-favorable wind
events.

a strong downwelling favorable wind event; however, since the observation time series
starts halfway through the event, we do not speculate further on this matter. The complete
depletion of φm observed near April 18 is linked to the strong downwelling-favorable wind

Figure 13. Comparison of Delaware Bay results of ρm for the unstratified and two-layer models,
upper layer density (ρm) for the two-layer model and ρ for the observations from April 10 to May
10, 2003. In order to detect stratified and mixed regimes at the mooring site, density contours at 1,
6, 12 and 18-m depth are also displayed on the figure. The thin vertical lines depict the times of
maximum wind speed of seven strong (8-10 m s−1) upwelling- and downwelling-favorable wind
events.
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event that occurs on April 17-21. It is important to note that since mooring DC is located
on the shelf, the decrease in stratification during the downwelling event is not likely due
only to vertical wind mixing, but also from isopycnal tilting (or straining) associated with
the cross-shelf Ekman transport (e.g. Fong and Geyer, 2001; Whitney and Garvine, 2005).
The response of potential energy anomaly during the strong upwelling wind event on April
23-25 differs from the downwelling response. During this event the depth-averaged density
at the mooring experiences a general but small decrease, which in turn produces a general
but small (about 20 J m−3) increase in φm. The small response in the depth-average density
and potential energy anomaly, in addition to the lack of mixing observed during the event,
makes the role of this strong upwelling wind event unclear. We speculate that any vertical
mixing that takes place during the event may perhaps be inhibited by the stratification effects
from offshore Ekman transport.

The unstratified model trends of φm track some of the observed trends. Initial model
values of 100 J m−3 agree with initial mooring values, and similarly to the observations φm

experiences a general decrease from the beginning of the series to April 25, and then an
increase from April 25 to the end of the time series. The model results, however, exhibit less
variability and are on average larger than the observed φ by 25 J m−3. The assumption of
a well-mixed water column, which as discussed increases potential energy anomaly values
and eliminates the response to individual wind events, partly explains the mismatch and
lack of model variability. The approximate 1 PSU salinity difference between the estuary
mouth and the location of mooring DC, which in turn causes lower model ρm values by
on average 1-1.5 kg m−3 (Fig. 13), also contributes to the larger values of potential energy
anomaly in the model.

In contrast to the unstratified model results of φ, the two-layer model results on average
underestimate the observations by about 30 J m−3. This result causes the observed potential
energy anomaly curve to be bracketed between the two model results. It is unclear why the
two-layer model φm values are much lower compared to the observations at the beginning
of the series, however after the passing of the second downwelling wind event on April
18 the two-layer model results qualitatively track the observations well. In contrast to the
unstratified model results, variability in potential energy anomaly due to the wind events
is detected in the two-layer model φm results; however, the φm variability is lower than
the observed φ variability. As discussed in Figure 9(b), φm values decrease during the
events while ρm values (Fig. 13) increase. We note that care must be taken when comparing
ρm time series for the two-layer model with the ρ from the observations and ρm from
the unstratified model. The latter two densities are depth-averaged, while ρm for the two-
layer model represents the density in the upper layer. A better match of the two-layer ρm

series is, for example, the 1-m density contour from the DC mooring. We can, however,
compute the two-layer depth-averaged density at the mouth as: ρm = (ρm + ρs)/2 and
compare it to the observed ρ (see Fig. 13). Similarly to the unstratified model results,
comparisons between the ρm curve for the two-layer model and the observed ρ, and the
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two-layer ρm curve and the observed 1-m curve, reveal on average a 1 kg m−3 (plus or
minus in this case) density difference. At the mouth, the average density in the upper layer
of the two-layer model (ρm) is 1022.6 kg m−3, while in the lower layer it is 1025 kg m−3 (or
ρs).

To quantitatively compare φm model results to the observations, we adopted the statistical
method of Oke et al. (2002). We computed the correlation coefficient, (r), model bias (MB),
defined as the difference between the mean model value and the mean observed value, the
standard deviation error (STDE), or difference between the standard deviation of the model
results and the observed standard deviation, and the root mean square error (RMSE). Table
4 shows the results from the statistical computations. The correlation coefficients for both
models are statistically insignificant. Even though the unstratified model r is relatively high
(i.e. 0.68), the time series has only five effective degrees of freedom. Consequently the
95% significant r value (in brackets in Table 4) is 0.96. The two-layer model series has
10 effective degrees of freedom and a 95% significant r value of 0.66. For the unstratified
model, the MB value is 26.8 J m−3, indicating that the model is on average overestimating
the potential energy anomaly by 67%. The two-layer model MB values is on the other
hand −30.9 J m−3, which is indicative the model is underestimating the observations by
57%. The STDE for the unstratified model is negative and large (−16.9 J m−3), which is
an indication that the model is able to capture only about 5% of the observed variability in
the system. In the two-layer model the value of STDE is larger (−25.7 J m−3) indicating
that the model is able to capture only 2% of the observed variability. The RMSE value,
which attests to the overall performance of the models, is 36.9 J m−3 for the unstratified
model and 46.3 J m−3 for the two-layer model. The latter values translates to an overall
27% and 31% model error, respectively. Despite the statistically insignificant correlations,
the overall analysis suggests the unstratified model results are statistically better than the
two-layer model results for the observation period. The results of MB, STDE and RMSE
from the quantitative analysis however improve considerably for the two layer model if
the statistics are computed from April 18 to the end of the time series. In this case the
values of MB, STDE and RMSE decrease to −14.7 J m−3, −8.18 J m−3 and 18.8 J m−3,
respectively.

Table 4. Statistics computed for φm results between observations at mooring DC and the box models.
r is the correlation coefficient. The 95% significant r values are shown in brackets. MB stands for
model bias, ST DE standard deviation error, and RMSE root mean square error. After Oke et al.
(2002).

Variable Value unstratified model Value two-layer model Value two-layer model after April 18

r 0.68 (0.96) −0.21 (0.66) 0.60 (0.75)
MB 26.8 J m−3 −30.9 J m−3 −14.7 J m−3

STDE −16.9 J m−3 −25.7 J m−3 −8.18 J m−3

RMSE 36.9 J m−3 46.3 J m−3 18.8 J m−3
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5. Summary and conclusions

We have corrected an unstratified estuarine box model of potential energy anomaly, ini-
tially developed by Garvine and Whitney (2006), and have developed a two-layer estuarine
box model that allows for stratification and mixing conditions. Both models have been
used as low level interpretive tools to assess the mixing dynamics in the Delaware Bay.
Unstratified model results for the two study periods reveal that the river discharge (Ω1) is
the largest potential energy anomaly contributor. This term is closely followed (but with
opposite sign) by the coastal current efflux term (Ω2). For the two-layer model the largest
contributor is the dense inflow term (Ω6). The wind (Ω5) is the second largest term in the
two-layer model, followed by the tide (Ω3), river discharge (Ω1) and coastal current terms.
In both models the solar heat flux term (Ω4) makes the smallest contribution to φ.

Spring 2003 model results have been compared to observations located on the Delaware
shelf. Correlation coefficients between observations and the models are statistically insignif-
icant for the one-month comparison; however, other statistics such as the RMSE indicate
that the unstratified model overall performs better than the two-layer model for the period
and so it is selected on this basis. If the interest is on the importance of tides and winds
to the potential energy anomaly in the system, or on the response of φ during strong wind
events, the two-layer model is however preferable. While there is no clear model choice for
the Delaware Bay, it is important to note that for highly stratified estuaries the unstratified
model may be entirely inappropriate. Therefore, for these estuaries the two-layer model
would have to be selected.

Both the qualitative and quantitative analyses presented convey some agreement and
disagreement between the model results and the observations. The model limitations asso-
ciated with simplification of the dynamical processes undoubtedly play a large role in
the observed discrepancies; however, as discussed, it is also likely that natural differences
between conditions at the mouth and the instrument location on the nearby shelf contribute
to model-observation mismatch. Processes such as isopycnal tilting and offshore Ekman
transport, which may contribute to the variability of φ depicted in the observations, are
strictly shelf processes and are therefore not included in the model dynamics. It is also
important to note that the general 1–1.5 kg m−3 density disagreement between model and
observed results, which is consistent with the approximate 1 PSU salinity increase from the
mouth to the location of mooring DC, is of the order of the typical average density anomaly
of the Delaware Coastal Current originating from the bay (Münchow and Garvine, 1993
a,b). This implies that comparing results at the mouth with observations on the shelf always
produces an error that is of the scale of the feature that is being modeled.

In conclusion, we speculate that model comparisons to density observations at the mouth
(perhaps obtained from transects at the mouth from an undulating CTD) would result in
better agreement, and therefore we encourage such a task in the near future. The availability
of high-resolution density data at the mouth would also allow the box model outflowing
density variable ρm to be known and therefore would permit the variable Vcc to be a model
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unknown. Furthermore, the availability of this type of data would particularly be helpful
for the application of the box models to other estuaries, where the empirical Vcc relation (4)
is not applicable and an empirical relation of Vcc is unknown.
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